The recent Planck Legacy 2018 release has confirmed the presence of an enhanced lensing amplitude in CMB power spectra compared to that predicted in the standard ΛCDM model.
discrepant at the level of ∼ 3 standard deviations (but see also 13 ), and the observations of cosmic shear by the KiDS-450 survey disagree at about two standard deviations 14, 15 . Furthermore, the value of A lens derived from the Planck lensing-generated 4-point correlation function is consistent with the expectations of ΛCDM and in tension with the PL18 power spectra 1, 16 .
While most of the remaining cosmological observables are considered to be in good agreement with PL18, these inconsistencies have already motivated several studies that attempt to critically reassess the level of discordance [17] [18] [19] , or to resolve it with the introduction of new physics [20] [21] [22] [23] [24] .
The level of accordance between cosmological observables has hitherto been thoroughly investigated under the assumption of a flat universe. We show here that when curvature is allowed to vary (as suggested by the PL18 CMB spectra), the statistical significance of the known tensions with PL18 increases, and in addition, other discrepancies arise with several "local" (i.e., at redshift z < 3) observables. The assumption of a flat universe could, therefore, mask a cosmological crisis where disparate observed properties of the Universe appear to be mutually inconsistent.
Before evaluating the tensions of the PL18 results with independent cosmological observables, we first check whether the PL18 power spectra can provide an unbiased and reliable estimate of the curvature of the Universe. This may not be the case since "geometrical degeneracy" is present between cosmological parameters [25] [26] [27] Ω m = 1, Ω Λ = 0.15 (i.e. Ω K = −0.15) and H 0 = 38.4 km/s/Mpc. Because of the form of the degeneracy, different closed models have identical CMB power spectra to that of a single flat model. The main consequence is that, after marginalization over the nuisance parameters, the posterior on Ω K is generally skewed towards closed models ?, 28 .
The situation changes with precise CMB measurements at arc-minute angular scales: here, indeed, additional anisotropies induced by gravitational lensing are not negligible. Since gravitational lensing depends on the matter density, its detection breaks the geometrical degeneracy. The Planck experiment with its improved angular resolution therefore offers the opportunity of a precise measurement of curvature from a single CMB experiment.
To confirm this hypothesis, we generated a Monte Carlo Markov Chain analysis over simulated Planck (temperature and polarization) data, assuming the best-fit flat ΛCDM model and experimental noise properties similar to those presented in the PL18 release 1 . As we can see from Figure 1 , the expected posterior is centered around Ω K = 0 with a bound of Ω K = 0.00 ± 0.02 at 68% C.L..
Potentially, an experiment such as Planck could constrain curvature with ∼ 2% uncertainty, without any significant bias towards closed models. Figure 1 we have plotted the posterior from the PL18 real temperature and polarization power spectra, assuming the baseline Planck likelihood (see 2 ). As we can see, the posterior is reasonably centered on a closed model around Ω K = −0.04. Integrating this posterior distribution over Ω K , we find that Planck favors a closed Universe (Ω K < 0) with 99.985% probability. Moreover, a closed universe with Ω K = −0.0438 provides a better fit to PL18 with respect to a flat model, with a χ 2 difference of ∆χ 2 ef f ∼ −11 3 .
For comparison, in
This qualitatively shows the PL18 preference for a closed Universe, but does not statistically weight the additional parameter (Ω K ). To better quantify the preference for a closed model, we adopt the Deviance Information Criterion [29] [30] [31] (DIC) that takes into account the Bayesian complexity, i.e., the effective number of parameters, of the extended model 30 , and is defined as:
where χ 2 ef f is the best-fit chi-square from the MCMC chains and the bar denotes a mean over the posterior distribution. This latter quantity can be easily computed. We restrict the analysis to models with curvature in the range −0.2 ≤ Ω K ≤ 0, i.e. we neglect open models since they are both disfavored from observations and more difficult to realize in an inflationary scenario. We find that the Planck data yields ∆DIC = −7.4, i.e. a closed universe with Ω K = −0.0438 is preferred with a probability ratio of about 1 : 41 with respect to a flat model.
We also compute the Bayesian Evidence ratio by making use of the Savage-Dickey density ratio (SDDR) 30, 32, 33 . Assuming SDDR the Bayes factor B 01 can be written as
where M 1 denoted the model with curvature, p(Ω K |d, M 1 ) is the posterior for Ω K in this theoretical framework computed from a specific data set d, and π(Ω K |M 1 ) is the prior on Ω K that we assume as flat in the range −0.2 ≤ Ω K ≤ 0.
Applying the Savage-Dickey method to the Planck temperature and polarization, we obtain the Bayes ratio of:
i.e. we obtain, assuming the so-called "Jeffrey's scale", strong evidence for closed models with Ω K in the prior range [−0.2, 0]. While the assumption of a larger prior would lead to weaker evidence, the preference from the data for a closed universe is clear.
This evidence could come from an unidentified systematic in the Planck data. However, as we can also see from the posteriors in Figure 1 , the preference for a closed Universe increases as we move from the Planck 2015 34 (PL15) to the current PL18 release. Moreover, even assuming a significantly different procedure for the likelihood analysis 2 , and using the alternative CAMSPEC approach instead of the baseline Planck likelihood, the preference for curvature is reduced but is still well above two standard deviations with Ω K = −0.037 +0.032 −0.034 at 95% C.L. 3 . We find, in the case of CAMSPEC, Ω K < 0 with a 99.85% probability. While the indication for a closed universe is less significant with CAMSPEC, it is still present, showing that our result is not due to differences between analysis methods. The preference for closure in the Planck data is strongly connected with the higher lensing amplitude. This is evident from the parameter degeneracy between A lens and Ω K as shown in Figure 2 where we report the 2D constraints at 68% and 95% C.L. on A lens and Ω K from the Planck 2018 temperature and polarization data 2 . The dark matter content can indeed be greater in a closed universe, leading to a larger lensing signal, solving the A lens anomaly, and providing a robust physical explanation. As we can see, when a closed model is considered, A lens is in agreement with the expectation of A lens = 1. The amplitude of the lensing signal in Planck temperature and polarization data is precisely what is expected in a closed universe. It is interesting to note that a ΛCDM+Ω K analysis provides a marginally better fit to the ΛCDM+A lens analysis by ∆χ 2 = −1.6, due to the fact that closed models better fit the low multipole data.
As discussed in 52 , assuming flat ΛCDM, the values of the cosmological parameters obtained from the Planck 2015 temperature angular spectrum in the multipole range < 800 are "shifted" with respect to those derived from the same Planck data relative to multipoles in the range 800 < < 2500. This tension is also present in the PL18 release 2 and the inclusion of the A lens parameter removes this difference. A key point of our paper is that the addition of curvature also solves this tension: in Figure 3 we show that in a closed universe with Ω K = −0.045 the cosmological parameters derived in the two different multipole ranges, from Planck 2018 temperature and polarization data are now fully compatible.
However, if the PL18 power spectra suggest a closed universe, the remaining cosmological observables are in strong disagreement with this. Let us now compare the Planck constraints with Figure 4 : Tension with BAO. Acoustic-scale distance measurements divided by the corresponding mean distance ratio from PL18 temperature and polarization power spectra in a ΛCDM+Ω K model. The green bands show the 68% and 95% confidence ranges. The data points correspond to the measurements at 68% C.L. from the following experiments: 6dFGS 35 , SDSS MGS 36 , and BOSS DR12 37 (the BAO dataset considered in this paper). We also report measurements from those coming from local observables, starting with baryon acoustic oscillations. We first consider a combination of measurements given by the 6dFGS 35 , SDSS-MGS 36 , and BOSS DR12 37 surveys (hereafter we refer to this dataset simply as BAO), as adopted by the Planck collaboration 1 .
The combination of this BAO dataset and PL18 power spectra produces a strong constraint on curvature with Ω K = 0.0008 +0.0038 −0.0037 at 95% C.L. 1 (czD 2 M (z)/H(z)) 1/3 . As we see, there is a striking disagreement between the PL18 power spectra and BAO. This can also be seen in Table 1 where we report the constraints on D M and H(z) from the recent analysis of BOSS DR12 data 37 and the corresponding constraints obtained indirectly from Planck assuming a ΛCDM model with curvature. Each of the BOSS DR12 data points is in disagreement by about ∼ 3 standard deviations with the Planck power spectra.
As we can see from Table 2 the PL18 χ 2 ef f best-fit is worse by ∆χ 2 ∼ 16.9 when the BAO data is included 3 under the assumption of curvature. This is a significantly larger ∆χ 2 than obtained for the case of ΛCDM (∆χ 2 ∼ 6.15). The BAO data set that we adopted consists of two with low statistical weight, see Figure 4 ), and 6, correlated, measurements from BOSS DR12 37 .
It is therefore not straightforward to determine the number of independent data points present in the BAO dataset and to estimate the disagreement between the data sets from a simple χ 2 analysis.
While several statistical methods have been proposed to quantify the discrepancy between two cosmological data sets ?, 17-19 , here we check for consistency between two independent data sets D 1 and D 2 by evaluating the following quantity based on the DIC approach 14, 15 :
where
where DIC(D 1 ∪ D 2 ) is the DIC obtained from the combined analysis of the two data sets.
Following the Jeffrey's scale, the agreement/disagreement is considered 'substantial' if | log 10 I| > 0.5, strong if | log 10 I| > 1.0 and 'decisive' if | log 10 I| > 2.0. When log 10 I is positive then two data sets are in agreement while they are in tension if this parameter is negative. We show in Table 2 the values of log 10 I computed for the PL18 (D 1 ) and BAO (D 2 ) data sets in the case of ΛCDM and ΛCDM+Ω K . For the ΛCDM model, there is reasonable agreement between the data sets (log 10 I = 0.2), but evaluating models with curvature results in substantial disagreement log 10 I = −1.8) between Planck and BAO data.
A second tension is present between PL18 power spectra and the constraints on the lensing potential derived from the four-point function of Planck CMB maps 45 (hereafter, CMB lensing).
Indeed, as discussed previously, the preference for Ω K < 0 in PL18 is mostly due to the anomalous lensing amplitude at small angular scales 1 . This greater lensing amplitude is however not seen in the CMB lensing data, which is consistent with flat ΛCDM. This can be seen in Figure 5 where we compare the lensing-potential power spectra best fits from the PL18 power spectra, obtained under the assumptions of curvature or flatness, with the CMB lensing data 45 . The flat ΛCDM model is in reasonable agreement with CMB lensing, while the PL18 best fit Ω K = −0.0438 model predicts too large a lensing amplitude (with the exception of two data points). As we can see from Figure 4 , the PL18 power spectra best-fit closed model predicts a lensing-potential spectrum that is very similar to the best fit obtained under ΛCDM+A lens with A lens = 1.191 3 .
A PL18+CMB lensing analysis yields Ω K = 0.011 +0.013 −0.012 at 95% C.L., bringing a flat Universe back into agreement within two standard deviations but still also suggesting preference for a closed universe. It is however interesting to quantify the discordance between PL18 and CMB lensing. As we can see in Table 2 ), the inclusion of CMB lensing to PL18 increases the best fit chi-square by ∆χ 2 = 16.9 in the case of ΛCDM+Ω K (while in the case of ΛCDM model we have ∆χ 2 = 8.9).
The CMB lensing data-set consists of 9 correlated data points. Even assuming these data points as independent, the increase in χ 2 when curvature is varied suggests there is tension at the 95% C.L., while there is no significant tension in the case of flatness. Also in Table 2 we report the values of the I quantity. As we can see, we identify substantial agreement between PL18 and CMB lensing in the case of a flat Universe (log 10 I = 0.6) that changes to "substantial discordance" (log 10 I = −0.55) when curvature is allowed to vary .
In conclusion, if the assumption of a flat Universe is removed and curvature is permitted, as preferred by the PL18 power spectra, we find strong disagreement between Planck and BAO, and substantial disagreement between Planck and CMB lensing.
It is interesting to investigate if astrophysical measurements that are already in tension with
Planck under the assumption of a flat Universe are still in disagreement when curvature is considered.
In a ΛCDM+Ω K model, PL18 power spectra provide the constraint:
This is now in tension at the level of 5.2 standard deviations with respect to the conservative R18 constraint of H 0 = 73.52 ± 1.62 at 68% C.L. 12 . The inclusion of curvature, therefore, significantly increases (by ∼ 48%) the tension between Planck and R18.
A similar increase in the tension is present with cosmic shear data from KiDS-450. In Table 2 : Tensions between PL18 and BAO and CMB Lensing. In the second column we report the best fit ∆χ 2 ef f with respect to the PL18 dataset alone. In the third column the number ∆N data of (correlated) experimental data points from the additional data set. In the fourth column the value of log 10 I that quantifies the tension (substantial if < −0.5, strong if < −1).
We can note good agreement between the data sets in the case of flat ΛCDM. On the contrary, statistically significant tensions arise when curvature is considered. reasonably consistent with the PL18 result in a flat Universe. However, assuming that the reported constraint on the S 8 parameter depends weakly on Ω K , we find that once curvature is allowed, the PL18-derived determination of S8 is discordant at more than 3.5 standard deviations with DES and at more than 3 standard deviations with HSC. In practice, when curvature is included, not only the significance of the tension with KiDS-450 increases, but PL18 is now also significantly discordant with recent cosmic shear surveys as DES and HSC.
Until now we have studied the compatibility of single data sets with PL18. However analyses are usually performed by combining multiple datasets. It is interesting therefore to address the compatibility of Planck with combined data sets. In Figure 7 we show the confidence region at 95% C.L. from a BAO+SN-Ia+BBN dataset and the 68% and 95% confidence levels from the PL18 power spectra on the Ω K vs H 0 plane. As we can see, there is strong tension between the and the observed angular size of the sound horizon at recombination θ M C = 1.04116 ± 0.00033
in a ΛCDM+Ω k model from PL18. We show the results of this kind of analysis in Figure 8 .
The inclusion of the θ M C prior from Planck shifts the constraints towards a flat ΛCDM with Ω K = 0.0016 ± 0.0075 at 68% C.L.. The inclusion of the CMB lensing dataset also significantly improves the constraints with Ω K = 0.00 ± 0.01 at 68% C.L.. Both BAO+SN-Ia+BBN+θ M C and BAO+SN-Ia+CMB lensing combinations provide evidence for a flat Universe, with good consistency between the data sets. We may argue that when deriving constraints under the assumption of a flat Universe, it would be more conservative to use these data combinations instead of PL18, since they are consistent with a flat ΛCDM and do not show significant internal tensions. However, these data combinations still show a significant discordance with PL18 power spectra. Considering the parameter constraints derived from the BAO+SN-Ia+CMB lensing data set, we indeed find disagreement with PL18 at 2.4 standard deviations in Ω K , amounting to 2.7 standard deviations in H 0 , and 2.9 standard deviations in S 8 . When we consider the combination of BAO+SN-Ia+BBN+R18, we find Ω K = −0.091 ± 0.037 at 68% C.L., i.e. again providing an indication of a closed universe (see Figure 8 ). Both data sets provide good best-fit chi-square values and it is impossible to discriminate one result over another from the statistical point of view. As we can see from Figure 8 , there is good agreement between the BAO+SN-Ia+CMB lensing and BAO+SN-Ia+BBN+θ M C data sets while both are in in significant tension at the level of 2.5 standard deviations with BAO+SN-Ia+BBN+R18.
In summary, the PL18 CMB power spectra provide a statistically significant indication for a closed universe. A closed universe solves the internal tensions present in the Planck data set on the value of the cosmological parameters derived at different angular scales. Positive curvature is also marginally suggested by the ages of the oldest stars (see e.g. 49, 50 ) and, in a combined analysis with the A lens parameter, slightly favored by the low CMB quadrupole.
Apart from these arguments, none of the local cosmological observables currently favor a closed universe, and most of them are consequently in significant discordance with PL18. BAO surveys disagree at more than 3 standard deviations. CMB lensing is in tension at the level of 95% C.L. The R18 constraint on the Hubble constant is in tension with PL18 at more than five standard deviations, while cosmic shear data disagrees at more than 3 standard deviations.
These inconsistencies between disparate observed properties of the Universe introduce a problem for modern cosmology: the flat ΛCDM, de facto, does not seem to any longer provide a good candidate for concordance cosmology given the PL18 power spectra preference for a closed model. At the same time, a closed model is strongly disfavored by a large number of local observables.
Clearly, a possible solution to this problem would be to speculate about the presence of hitherto undetected systematics in the PL18 release. However, the statistical significance for a closed Universe increases when moving from Planck 2015 to the PL18 release. We point out that the WMAP satellite experiment 28 , after 9 years of observations, also produced the constraint Ω K = −0.037 +0.044 −0.042 at 68% C.L., fully compatible with the Planck result. Finally, we have shown that discordance is also present between the R18 and the CMB lensing data sets once they are both combined with BAO and SN-Ia. In practice, there is currently no supporting evidence that could lead one to believe that the observed inconsistencies are due to systematics in the PL18 data rather than in the low redshift measurements. Moreover, local probes are expected to be more contaminated by astrophysical systematics and/or non-linearities with respect to CMB anisotropies.
If there are indeed no systematics in the Planck data, then the currently observed discordances may indicate the need for new physics and call for drastic changes in the ΛCDM scenario (see e.g. [21] [22] [23] [53] [54] [55] .
A third possible way is to consider the PL18 constraint on Ω K as a, now reasonably unlikely, statistical fluctuation. Fortunately, future measurements will fully confirm or falsify current tensions and the PL18 evidence for curvature 56, 57 . In the meantime, we argue that the tensions with ΛCDM present in the PL18 release should not be discarded merely as a statistical fluctuation but must be seriously investigated, since at face value they point towards a drastic rethinking of the current cosmological concordance model.
